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Evaluate  ! "#
√%&"# dx. 

 We have the standard integral:  ! *
√%&"# dx = sin&* ,"

-. + c. 

 I = ! "#
√%&"# dx = ! %&1%&"#2

√%&"# dx = 4 ! *
√%&"# dx − ! √4 − x- dx 

  = 4sin&* ,"
-. − 5x√4 − x- − ! xd1√4 − x-26 , integration by parts. 

  = 4sin&* ,"
-. − x√4 − x- + ! x &-"

-√%&"# dx = 4sin&* ,"
-. − x√4 − x- − I 

 ∴ 2I = 4sin&* ,"
-. − x√4 − x- 

 ∴ I = 2sin&* ,"
-. − *

- x√4 − x- + C    … (1) 
 

I = < x-

√4 − x- dx 

 Let  u- = 4 − x-,   2udu = −2xdx, udu = −xdx 
 I = − ! √%&>#

> udu = − ! √4 − u- du 
 Let  u = 2 sin t, du = 2 cos t dt 
 I = − ! 2 cos t (2 cos t dt) = −4 ! cos- tdt = −4 ! ,*?@AB -C

- . dt = −2Dt + sin 2tE + c 

  = −2t − 2 sin t cos t + c = −2sin&* ,>
-. − uF1 − ,>

-.- + c = −2sin&* ,>
-. − *

- u√u- − 1 + c 

  = −2sin&* G√%&"#
- H − *

- x√4 − x- + c   … (2) 
 



 It seems that the answer in (1) is different from (2), but in fact they differ by a constant. 
 
 We like to show :  I

J − KLM&N GOP&QJ
J H = KLM&N ,Q

J. 

 Consider    cos RS
- − sin&* G√%&"#

- HT = sin Rsin&* G√%&"#
- HT = √%&"#

-  

    cos- RS
- − sin&* G√%&"#

- HT = %&"#
%  

    sin- RS
- − sin&* G√%&"#

- HT = 1 − %&"#
% = "#

%  

    sin RS
- − sin&* G√%&"#

- HT = ,"
-. 

    S
- − sin&* G√%&"#

- H = sin&* ,"
-. 
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